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ABSTRACT
Two-point correlation and spectral equations for this case are de-
rived from the equations of fluid and electrodynamics. Solutions are
obtained by assuming that the turbulent field is homogeneous and weak
enough for triple correlations to be negligible. For initial conditions,
it is postulated that the turbulence is initially isotropic, and that

the turbulent magnetic field fluctuations are initially zero. The inter-

=5,

action of the mean magnetic field with the turbulent velocity field then
causes magnetic-field fluctuations to arise at later times. In general,
the turbulent energy in the mechanical and magnetic modes tends toward
equipartition for large values of time or of mean magnetic field. How-
ever, when the kinematic viscosity is much less than the electrical

resistivity (or magnetic diffusivity), as for liquid metals, equiparti-

Offces and

tion i1s not approached before the turbulence is damped out by the mean

magnetic field.

INTRODUCTION

Turbulence in conducting fluids in the presence of magnetic fields

has received considerable attention in recent years.l'5 Most of the
interest in this type of turbulence stems from its importance in certain

astrophysical and geophysical applications. Phenomena such aé'sunspots,

g
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cosmic rays, and the geomegnetic field appear to be related, respectively,
to turbulence in the sun, interstellar space, and the earth's core. Some
of the astro- and geophysical aspects of magneto-fluid dynamic turbulence
are discussed in the book by Cowling.5

In the present study we try to gain some understanding of magneté-
fluid dynamic dturbulence by considering an idealized model for which a
solution can be obtained. A uniform magnetic field is imposed on a field
of homogeneous turbulence in a conducting fluid. Such a field of tur-
bulence will decay with time, so that it is necessary to produce it
initially by some means, for instance, by passing the fluid through a
grid. Although turbulent fluptuations in the magnetic field are
iniﬁ;ally absent in such a system, it will be seen that they can arise
at later times because of the interaction of the turbulemt velocity
field with the imposed mean magnetic field. A two-point analysis of the
turbulent fields will be carried out. In order to make the problem
determinate, it 1is assumed that the turbulence is weak enough for triple
correlations to be negligible. This method of analysis appears to pro-
vide an effective means for obtaining deductive infbrmation on turbulence
from the basic equations.6'8 In principle the analysis could be extended
to stronger turbulence by considering more points in the fluid as in
Ref. 9.

One of the important problems in magneto-fluid dynamic turbulence
is the ultimate partition of turbulent energy between the mechanical
and magnetic modes. Some authors have argued that there should be an

approximate equipartition of energy between the two modes, whereas others
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have indicated that the turbulent magnetic and vorticity fields should
be similar. A summary of the arguments for and against each point of
view is given in Ref. 5. It is hoped that the present study will
give some insight into this problem. It will be seen that, at least
for the model considered here, the turbulent energy tends ultimately
to be distributed equally between the mechanical and magnetic modes.
BASIC EQUATIONS
It is assumed that the dymamics of the conducting fluid are de-

scribed by the following equations:

-

Navier-Stokes equation:

—> —_
%% = - % Vp + WAL + %'3 x B (1)
Continuity equation:
Veu=0 (2)
Maxwell's equations:
T-Luxh (3)
Ho
v-b=0 (4)
=
Vx§=-g% (5)
Ohm's law:
- —>
T-oE +uxd - estnsti x b) (8)

where D signifies a substantial derivative, U is the instantaneous

velocity, t is the time, p +the density, p the instantaneous pressure,
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J the instantaneous electrical current, % the instantaneous magnetic
field, ugy the permeability of free space, E the instantaneous electrical
field, o +the electrical conductivity, e c the charge on an electron, and

n, the number density of electrons. mks units are used throughout. The

e
fluid properties are assumed constant in Egs. (1) and (6), and the usual
magneto-fluid dynamic approximations are made in Maxwell's equations.
The last term in Eq. (6) is, of course, the Hall current; that current
arises because of the force V X ‘_B') which acts on the electron gas as

it moves through the fluld with the relative wvelocity V. The velocity

V is related to 3 by the equation 3 = -neec\'?.

Taking the curl of Eq. (6), and using (3), (4), and (5) result in
—N——Vx (VX D) =~ o5t VX (uxb) - (egneip)™™ VX (VX D) xb
0
(7)

With the use of the wvector identities

VX (VXW) =V(V-71) -V
UX (A XV)=V:-W-d0-W+uv-+7)-%Wv- 1)
- - — — 1 2
(qu)Xu=(u-V)u--§Vu
VX (W) =0
and Eqgs. (2) and (4), Eq. (7) becomes

1 .2 R R e - -1 2 2
-?u-av VB‘:-.B_E+’B‘-W-u Vb-(ecneuoo) Vx[(b-V)bJ
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In component form this equation can be written as

T T usby = biuy ong 3%, Omy, © \Scfel0?) €igk TR o %y S%,
(9)
where €13k has the value O when 1, j, and k are not all differ-
ent. When the subscripts are all different, €4 3k has the value +1
when they are in cyclic order and -1 when they are in acyclic order.
The subscripts in Eq. (9) can take on the values 1, 2, or 3, and a re-

peated subscript in a term indicates a summation of terms, with the sub-

script successively taking on the values 1, 2, and 3.

—
The term J X b in Eq. (1) can be written as
1

L oxBxE-LE - F-Loe)
Ho Ho

o't
o'

+
J X
Equation (1) then becomes, when written in component form,

2 ~ ~  ~
8 U.i N 1 B(bibk) _ 1 B(bkbk)
BXk Bxk Hop Bxk 2 HoR Bxi

duy 3wy

- -lop
ot Oxye _-paxi+v

(10)
Inasmich aé we will be considering & steady mean magnetic field, as well

as a fluctuating field, we write the instantanecus field as
gi = bi + Bi (ll)

where b; 1s the fluctuating component and 3Bj; 1is the steady mean

component of the magnetic field. Then Eq. (10) becomes



dus
.

'_J
24
o
o [
£
]
UlP

p + > 1,10 (byby + byBy + bB; + BB, )

——l—p g?(-i— (bibi + 2o B, + BB,)  (12)

The average value of Eq. (12) is

Sy —
- U + —
yk“ik (13)

where the overbars indicate average values. Subtracting Eq. (13) from

(12),
Sus 32
ul _ a ( _ ) - ;L_ ap F .ui
SE - SXk uiuk' uiuk o} Bx v an Bxk
1 9 —_—

- El_}o_pr (byby - Dby + ZbyBy) (14)

Similarly, Eq. (9) becomes

Dy 3 i — L %y
T T (ugby = usby + usBy - byug + bywye - Bywy) + g T o
-1 G
- (ectelo?) gk Ty (PrPk  PrPx t BBt B)  (19)

Equations (14) and (15) are the equations for the velocity and magnetic
field at a point P in the fluld. In order to construct two-point
correlation equations, those equations are also written at another point,

say P':
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T 57 (PkPk - PEPk * ZbgBR)  (16)
3

a.b, a 1 t t 1 1 1 1 1 1 1 1] t l az.b'
5?4 = gc—-},{ (u,jbk - 1:Lj'bk + ujBk - ’béuk + bjuk - Bjuk) + 7'1—1'5&1;—%?"

2
- 8 Cagowg 1
- (ecneno®) ™ €y ST ; (byby - BIbE + BBy + biBy)  (17)
m

Two-point correlation equations. - If we multiply Eq. (14) vy uj

and Eq. (16) by uy, add the two equations and take average values, we

obtain

Y —— u3 Jugp’
u,uh +

ot i p Bxi ij

§+bujBk+bku 1)

19 . ,
+ E—;'g;T (uib b uleBk +uy b ) - ZH 5 5—— (bkbkuj + Zbk 3 k)

0
13 ,
" Zngp 3x] (uybyby + 2usby By ) o - (18)

In obtaining this equation use was made of the fact that quantities st
one point are independent of the positlon of the other point. Introduc-
ing the varisble T = xi - X gives, for homogeneous burbulence and a

uniform mean megnetic field,
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Jugu d , — d
S = S (i - wguiy) +j§§6‘; 1P 3Py = Pybyu

K

1 o) T - 1 9 |—t
o B 5 - T + 2o ¢ o +2bk“aBk)]

Bzuius

1 a prupee 1 T 1 T

An equation for the correlation between the velocity and the magnetic
field is obtained by multiplying Eq. (14) by b, Eq. (17) by uy, and
performing operations similar to those used in obtaining Eq. (19). This

gives

8115_ a by T !
= R ——

2
- (ecngoo) ™ € g 'g%‘g{ (uybjby + uyb] By + uyby By) (20)

Similarly from Egs. (15) and (16),

Bbiuj__ 9 Usbyul ~ bsu + bsulu -l—bb'b
ST T oy \ WPy T Patkiy *Psvge - oo Baby

o~

-_1-5(—-'- — /L__ N

8rj\ o) + Zp,op lbkb}'{ + HoP 1%k Bk

Cre

+ + Bbiu -1 82
e e

(b'l,bkuj + blu:_] By + bkuj Bl) : (21)




The equation for the two-point magnetic field correlation is obtained from

Egs. (15) and (17) as

bbib b, v rewn o ! !

0 (3 — 2 asib
Fh O - T o e

2
+ €Jmk git'gl (biﬁi'—b-k?' + bibi Bk + bibl'{ Bl) (22)

By an argument similar to that given in Ref. 10, it can be shown that

the term (B/Brk)(biukbj - biuﬁbj) in the last equation is zero for r=0.
Thus, that term can be interpreted as the Fourier transform of & term
which transfers magnetic energy between eddies of various sizes.

The pressure and magnetic-pressure terms in Egs. (19) to (21),
that is, terms conteining J/dr; or a/arj, can be interpreted as
transferring energy (or éorrelation) between the directional components.
The argument is similer to that given in Ref. 10. Other terms in the
preceding correlation equations, or their Fourier transforms will be
interpreted later in the paper.

To obtain equations for the pressure and magnetic-pressure terms,
teke the divergence of Egs. (14) and (16) and apply comtinuity. Then

Eq. (14), for instance, becomes
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M(wsw)  OSuyTn 2 3(bybr)  d%bib d2(byBy)
°='axj§zk+aiak"l'&—§_a "l?%k‘aiak +§§k
k %1 Xg 9X3 P OXy OXy  Hop|OXy OXy Xx OXy Xk 9%y

3% (by By ) S L
" % oxg J " Tgp 3k, x; (KK T Prbx * ZopBk)  (29)

Muitiplying this equation by us, averaging, and introducing the vearieble

T result in

2

%&"?—&'—i[ﬁ; ' %5 (i) * P Bk)] B TR TR
By taking the Fourier transform of this equation it is easy to see that
the quantity in brackets will be zero if the triple correlations are
neglected. (See for instance Eq. (14), Ref. 9.) Similarly all of the
other pressure and magnetic-pressure terms in Eqs. (19) to (21) will be
zero if the triple correlations are neglected. Thus neglecting triple
correlations and assuming that the mean magnetic field is in the direc-- '

tion Bz, the set of Egs. (19) to (22) becomes

T 00
= B b! - b,ul) + 2 25
ot hop > Orz (ugby - byuj) + 2v % T (25)
b 5, 2 rﬁ--l-w)+(v+-l—auib'

3?;; i,j uop i,j Ouo I‘k I‘k

-1
- (egngnpo) = Bz € jm3 Erm 5rl T € m dr, ors (28)
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k
d Elu ) Eku
- (ecnenoo)™™ Bz (ein3 &;E}J:{ * €imk FmTIJE (27)

dbyb S —  —— , %bib -1
Tﬁ = Bs %, (byuj - wydj) + g 3t ory (ecneugo)

3 Ezb o) Gkb d Eibi d Ei'bf{
X Bz|€im3 Srm Sr»z * €imk oy, 5r3 T €m3 or, or; * € Jmkc ory, 51_'3

(28)

Spectral equations. - In order to convert Egs. (25) to (28) to

spectral form, define the following three-dimensional Fourier transforms:

«©
— BT

d|
[
o
Cotame
"
1
N
8
™
[y
[
ml—"
=~
i
fe7]
o

(20)
byul = [ Bi'jei"'r dr (31)
_— L, 1K
uibj =f Bi,je dx (32)
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By using these relations, the Fourier transforms of Egs. (25) to (28)

are obtained as

iy 1 ] 2
~d = o5 Baiks(B]y - B1y) - 2w (33)

OB 1 1\ 2.
"&"1 = B31K3<q)ij - :1_(;5 Bij) - (v + —0-%>K Bi.j

+ (ecnenoo)™ Bal€ yuskukiBYy + € gmickmkal)  (34)
aﬁi'. 1 ) 1 ) 2
= - Bsi'%(uop Pig - @15/ - (V YAl

+ (eenguoo) ™t Ba(eim3KmK1Bl 3 + €1mickmK3B jx) (35)
oB a -
_Eia = Bziks(B{y - Bi3) - 72{% Byy + (ecnengo) t

X Bz(€imzkmk1Br g + €1mkKmK3Prs + € Jm3KmK1B11 + € 3mucKmK3P1i0)
(36)

As they stand, most of the 36 equations represented by (33) to (36) are
interrelated. The solution could be carried out numerically if it ap-
pears to be important to do so. However, if the Hall-current terms are
neglected (large ne .0 o), a considerable simplification is obtained,
inasmuch as it is then only necesssry to solve three equations simultane-
ously. The Hall currents are negligible for a liquid metal, although
they msy not be for a rarified plasma. It appears thet the results will
still be useful for giving an iﬁsight into some of the physical processes

occurring in this type of turbulence.
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If we neglect Hall currents and compare Eqs. (34) and (35), we find
that the relation B;J = —.B:'[j holds for all times if it.‘is true at an
initisl time. Here it will be assumed that the msgnetic field fluctua-
tions are initially zero, so that the above relation will hold. Thus,

the set of Egs. (33) to (36) becomes

O3 12BzkaPi 5 2
>t = - (_'Top_ - BV (57)
d iZBsKBBiJ) - 2855 _ (E;J) _ (? L1 )e2 1233K531%> (38)
S\ uee nop | P13 7 \pop T ugp
3 (P13 _ <%233K3?ij> 2vk? _31)
55(;op> - Hop T ougvi\pee (39)

In these equations ¢4 1is a spectrum tensor for turbulent veloclity
energy and By 3 / (uop) is 8 corresponding tensor for turbulent magnetic
energy. The term iZBsKsﬁ_}LJ/(u;)b') occurs in both Egs. (37) and (39),
but with opposite signs. Thus it can be interpreted as an interchange
term which transfers turbulent energy between the mechanical and magnetic
modes.

Solution of spectral equations. - A genersl solution of Egs. (37)

to (39) is

P33 = exp[-(v + Fpl-a>’<2(t - toﬂ{(cl)ij + (cz)ij exp [s(t - toﬂ

+ (Cs)ij exp(_— s(t - to):]} (40)
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12B.KB! 2BzKz
373713 3K3 1 . 2 1 2
= xp |~ [~—=— Ke(t - t C — K
HoP o ‘:<“0 v> ( Oi' ( l)i«j("“o v)

™.

[ |
+ (Cz)ij L('a'ul—o' - \/)K2 - 8 exp[s(t - to)]
[ ] 2B
+ (03)ij (;%— -y K2 + s exp[: s(t - toﬂ + ( uzzs) 41)
N

HoR uop

2,27
[/ 1 2 4 (1 o EBzK3 ]
+ (C — -y ] KF + |—— - K%s - e - 8(t - ¢
( 3)13 (“Uo ) o) ) “o"J L ( o)
2BEKE ,
|53 ‘ (42)
HoP

where

2,2

a 4BZK

s = _.:_L._ - K4 - 33 (43)
Mo HoP

and (C C and (C are constants of integration.

In order to evaluate the constants of integration, we use the con-
ditions that the turbulence is initially isotropic and that Bij and
iBiJ are initially zero. The last two conditions correspond to the

assumption that the megnetic field fluctustions asre zero st t = to- The
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interaction of the méan magnetic field and the velocity fluctuations

will then cause magnetic field fluctuations to arise at later times, and
in addition, will cause the turbulence to become asnisotropic. The assump-
tion that the turbulence is initially isotropic means that, for weak

turbulence,

J
0
(CPiJ)O = 5.2 (K28 4 = KyKy) (44)

as given by Eg..(43) in Ref. 6. The quantity Jo 1s a constant that
depends on initisl conditions and Sij is the XKronecker delta. For

the foregoing initisl conditions, the constants of integration are

2.2
Bk
JO,(z(aij ) Kig,j)usps
(c),, = - S0 (45)
13 Grtzs2
Ks K 3 2
2 i 1 6 1 4
(Cz)lj = JOK (Sij - K2 >[(‘BTL'6 - ) K~ + ( 5 ) K=*s
KCBEK ZBszs
- 4(0%0 - v) ugpé - usz + (24x2s3) (46)
and
Ky K 3 2
= _Trk2 .4 L 6 _ (L. _ 4
(), = 30y - L [(% ) )

2
K“BZK 2BSKEs
- 4(3%— - > 35,3 3‘] + (24x2s%) (47)
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When s, as given by Eq. (43) becomes imsginary, the following solu-

tion can be used:

P15 = {(Ci)ij + (Cé)ij cos{s'(t - toi, + (Cé)ij sin[s‘(t - toﬂ}
X e‘xp[— (a%—o- + v)Kz(‘b - to)] (48)

1 2
- | ——— K (t - ©
exp (Ouo v) ( o)

[(C ) (—— - >KZ - (Cé)“sﬂ cos[s'\(t - toj

i2B3K3[3;{j 2B3K3

| 2B\
[ -—:}'-5 - K2 + (C4) ijsJ sin[s'(t - toj +( “2’33) (49)
(C BZK |
By _a ol (&« )eats - to] __Lﬁ_j
HoP  HoP | \ayp
Rl N ) e
" \2
]« e o o)
(cy), BzkZ 52, 2
' 3
- ——Il—i‘)-pL-—Jsin[s (t - toz‘] + Qgp;) ' (50)

where

IZ-BSKE 1 4
_/\I PP (‘mo— )2K (51)
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»
2 2.2
(ci). . = JoK (E’ij-%)-]ﬁé (52)
~1)  pxBs' 2 k2 /BoP -
2 2,2
JoK KiKJ 2B3K3 /l 2 4
(cs) =-———-é - )[ - - v) K 53
2713 " 124252\ 13 2/ moe  \oo (53)
and
JoK?2 KsK
(05), , = = <813-—1—24><~L- )Kz (54)
id  12n%s’ K o

The foregolng spectral quantities are functions of the components
of K as well as of its magnitude. In order to obtain quantities that
are functions only of the magnitude k we integrate over all directions
in wave-number space. Thus, as suggested by Batchelor, we define the

quantity Wij by the equation

A
‘lfiJ(K) =f quJ(—lz)dA(-k’) (55) .
0

where A 1s the ares of a sphere of radlus «. Letting r =0 in

Eq. (29) shows that

uiuj = 5 Wij dx (56)

Thus Wij dk gives the contribution from wave number band dk to

Uy, and a plot of Wij against k shows how contributions to ujuy
are distributed among the vaerious wave nmumbers or eddy sizes.
Equations (40) to (54) can be written in spherical coordinates by

setting,
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K1 = K cos @ sin 6, Ko = K sin ¢ sin 6, Kz = K cos 0 (57)

Then Eq. (55) becomes

n 2n
wiJ(K) =‘/1 ‘J/\ ¢ij(x,¢,e)xz sin 6 dp do (58)
0 Yo

The component D=z and ®,4 are independent of the angle . Thus

Eq. (58) becomes, for 1297,
Vii = 4xi® ¢4 d(cos ) (59)

Spectrum functions corresponding respectively to B4, and to the inter-

change term in Eqs. (37) and (39), are

1
Qg4 = 4mc? Byq d(cos 6) (60)
0
and
1
12BzK =P 4
373711
Iii = 41(K2 <—-T%-5—)d(cos 8) (61)

Similar expressions are used to calculate Vzz and 953. Computed
spectra of the various turbulenmt quantities will be considered in the
next section. For meking the calculations, the indlicated integrations
in Egs. (59), (60), and (61) were carried out mumerically.
RESULTS AND DISCUSSION
Figure 1 shows dimensionless spectra of the energy contained in the

turbulent velocity field (spectra of uiui/z). Curves are shown for
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values of ougv of 10'7, 0.5, and 2. The low value of Ougv corresponds
in order of magnitude tc liquid metals, whereas the higher values may
approximate those for certain rarefied astrophysical plasmes.

When plotted with the similarity variables used in Fig. 1, the
spectrum for no magnetic effects (Bg = 0) does not change with time, so
that comparison of the various curves indicates how magnetic forces will
alter the spectrum. In all cases the curves for Bg £ 0 1lie below
those for B; = 0, thus illustrating the stebilizing effect of the magnetic

field. For the two lower values of ougv, the areas under the curves

decrease as Bg increasses. However, for Ougv = 2, & minimm is indi-

cated, and further increases in B; cause & relatlive increase in tur-

*

bulent velocity energy. These effects are shown more clearly in Fig. 2

where values of uiui/(uiui)o and u3u3/(u3u3)o are plotted against B;.

The subscript O i1s for Bg = 0. The ordinates were obtained from the
areas under spectrum curves such as those in Fig. 1 and similar curves
for V¥zz. For high values of Bé the velocity fluctuations for
Ougv = 2 are nearly as strong as those for Bg = 0, although the spectra
differ. TFor ougv <1, the velocity fluctuations decrease and approach
zero for large values of B;, the rate of spproach to zero being much
grater for the lower wvalue of OlgV-

This damping of the velocity fluctustions seems to be related to the
darkness of sunspots, as discussed by Cowling (Ref. 5). The magnetic
field in the sunspot apparently reduces the turbulence in that region,

and thus reduces the convective hest transport to the surface. Thus

the surface appears dark. Inasmuch as ougv 1s less than 1 for the sum,
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Fig. 2 indicstes that this damping of the turbulence should take place if
the mean magnetic field in the sunspot is sufficiently large.

The energy in the turbulent magnetic field will be considered next.
Dimensionless spectra of bibi/z are plotted in Fig. 3, where it is seen
that the trends for small B; are opposite to those for the turbulent
velocity field shown in Fig. 1. As B; increases, the turbulent magnetic
energy, in general, lncreases relative to the turbulent velocity energy
for no magnetic field. (The comparison is made relative to the velocity
energy for B; = 0 since the turbulent magnetic energy is zero for
B = 0.) For larger values of BY the variation is more complex. How-

3 3
ever, it appears that for all values of Bg, turbulent energy is being
transferred between the mechasnical mode and the magnetic mode by the
interchange term in Eqgs. (37) and (39).

The integrated interchange term as calculated by Eq. (61) is plotted
in Fig. 4. That term is predominantly positive for gy < 1, and thus
indicates, that turbulent energy 1s being transferred from the mechanical
to the magnetic mode. For ougv =2 and low values of Bg (not shown)
the interchange term is also predominantly positive. However, for
Bg =16 (Fig. 4(c)), I;1 1s predominantly negative. That is, for
Ougv > 1, energy is transferred from the magnetic to the mechanical mode
at high values of B;- Energy can apparently be transferred from the

velpcity to the fluctuating magnetic mode because the magnetic lines of
force in the mean imposed magnetic field tend to follow the fluid motlons,
at least at high values of conductivity or of ofyVe (The turbulent
velocity fluctuations tend to scramble the magnetic lines of force, )

If, on the other hand, the fluctuating magnetic energy happens to be

very large, the temsion in the lines of force tends to straighten them

out and reduces the fluctuating magnetic energy. Thus energy can be
transferred in both directions.
Some of the curves in Figse 4(b) and (c) exhibit multiple peaks and
valleys, the effect being particularly pronounced for OMg, YV =2 and
= 16, For that case Fig, 4(c) indicates that the energy transfer
cin be in one direction at & given wave number and in the opposite direction
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at a slightly different wave number. A similar curve was obtained for
gV = 0.5 and B; = 18, but the curve in that case was predominantly
positive, rather than negative. Because of the interaction of Egs. (37)
to (39), some of the curves in Figs. 1 and 3 also have s wavey appesr-
ance, In all cases the number of peaks increases as Bg increases. In
the curve in Fig. 1(b) for ougv = 0.5 and BY = 128, there are actuslly
a large number of very small peaks, but they are too small to show up in
the plot. The quantity Bg is proportional to (¢ - to)l/z, so that as
time increases, for a fixed Bz, the number of peaks in the spectrum
curves will increase.

A necessary condltion for the development of multiple peaks seems
to be that the energy in the mechanical and megnetic modes be of the same
| order of magnitude. Thus the effect does not occur for ougv = 10'7, or
for other values of Opgv  when Bg is small, inasmuch as the energy in
the magnetic mode is much less than that in the mechanical mode for those
cases. The second term in Eq. (38) is proportional to the difference
between the mechanical and magnetic energy at a particular velue of X.
It seems reasonable that the waviness observed in the spectra should
develop when the two quantities are of the same order of magnitude.

Comparison of Figs. 1(a) and 3(a) indicates that negligible energy
is contained in the magnetic mode for ougv = 107, This occurs in
spite of the fact that the interchange terms for opov = 107 and for -
0.5 are of the same order of magnitude (see Figs. 4(a) and (b)). Com-
parison of the interchange term and electrical dissipation terms in

Eq. (39) shows thet they are very nearly equal. Thus, for ougv = 10-7,
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nearly all the energy that is transferred out of the mechanical mode is
dissipated immediately by electrical resistance. The energy dissipated
by electrical resistance 1s of the same order of magnitude as that dis-
sipated by viscous action for all three values of ougv, &s can be seen
by comparison of Figs. 1 and 3 end the dissipation terms in Egs. (37)
and (39). The ratio of the dissipation term for magnetic energy to that
for mechanical energy (integrated over all directions) is the same as
the ratio of an ordinate on Fig. 3 to a corresponding ordinate on Fig. 1
divided by opqv.

Partition of turbulent energy between velocity and magnetic filelds. -

A point of considerable physical interest is the partition of turbulent

energy between the mechanical and magnetic modes. Figure S5 shows

byby/(ngouyuy ) and Eg/poéﬁg plotted against Bg. For the two higher
values of OV the curves approach one for large values of time or of
Bz. On the other hand, for ougv = 10'7, the ratios are essentially O
for valwes of Bg up to 130x10°. For the higher values of ougv, ap-
preciable turbulent energy remeins in the fluid when equipartition of
energy 1s approached, but for ougv = 10~7 +the turbulent energy is

damped out by the mean megnetic field without approaching equipartition

(see Figs. 2 and 5). gug mal] asioumt of fluctuating megnetic emergy in
" this case oan be thought of as due to the fact that the mean magnetic
lines of force are not pulled about by the velocity fleld except for
fluids of very high conductivity (high oAyl )e

The tendency of the energy to approach equipartition can be explained
with the aid of Egs. (37) to (39). The second term in Eg, (38) will pro-
duc€ a positive contribution to the change in the transfer term when the
mechanical energy is greater than the magnetic energy and vice versa,
Reference to Eqs. (37) and (39) then shows that its effect will
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be to produce equality of energy in the mechanical and magnetic modes.
For dugv = 2, the ratio of magnetic to mechanical energy hecomes greater
than 1 before leveling off at unity. This evidently can occur because
the dissipation rate for mechanical energy 1s greater than that for
magnetic energy in that case.

It has been suggested that cosmic rays are caused by the accelera-
tion of charged particles by wandering (or turbulent) magnetic fields in
interstellar space}l Inasmuch as ougv 1s probably greater than one
for this case, Fig. 5 indicates that the required turbulent masgnetic
field should exist if a turbulent velocity field and a mean magnetic
field are present. Inasmuch as ugv  is probably greater than one in
interstellar space, the energy is the turbulent magnetic field should be
st least as great as that in the velocity fileld.

Partition of turbulent energy between directlional components. - An-

other point of interest is the partition of the mechanical and megnetic
energy between the directional components. Values of ';g/(uiui/s) and of
527(325;/5) are plotted against B% in Figs. 6 and 7. A value of one on
the ordinates of these curves indicates that the three directional com-

ponents of the mechanical and the magnetic energy are equal, inasmuch as

Z? = ;g and ‘EE = ;E from symmetry considerations. The curves indicate
considerable interchange between the directional components, This may
be somewhat surprising in view of the fact that the pressure-force terms,
which are usually associated with the transfer between directional com-
ponents, are absent in the present case. The interchange might be at-

tributed to a difference in the decay rates and iIn the transfer between

the magnetic and mechanical modes for the three directional components.
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For large values of Bé the curves for ougv = 0.5 and 2 approach
one. Those for lower values of ougv tend to approach 1.5 and then,
except for ougv = lO"2 and 10”7 decrease toward one. Equal energy can
evidently occur in the three directionsl components because each of .
Egs. (37) to (39) is identical for the three components. Thus, if the
effects of initial conditions as given by Eq. (44) are negligible for
large values of B; the three components of the mechanical and the
magnetic energy could be equel, as shown in Figs. 6 and 7.

CONCLUSIONS

Turbulent energy is transferred between the mechanical and magnetic
modes by an interchange term in the spectral and correlation equations,
this term being proportional to the mean magnetic field. A term in the
equation of change for the interchange term is proportional to the dif-
ference between the mechanical and megnetic energy and causes energy to
be transferred in such s direction that it tends to produce equiparti-
tion of energy between the mechanical and electrical modes. Multiple
peaks can develop in the spectrum curves when the energy in the mechsn-
ical and megnetic modes is of the same order of magnitude. When the
kinematic viscosity is much less than the electrical resistivity (or
magnetic diffusivity) as for liquid metals, most of the energy trans-
ferred out of the mechanical mode is dlssipated immedistely by electrical
resistance. Thus very little energy resides in the magnetic mode, and
the interchange term, in this case, is ineffective in producing equi-
partition of energy. ZExcept for very low ratios of kinematic viscosity

to electrical resistivity, the turbulent energy in the velocity and
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magnetic fields tends to be equally divided between the directional com-
ponents for large values of time or of mesn msgnetic field.
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FIGURE LEDGENDS

107,

n

(a) Ouov
(b) Ol.lo'v = 0.5.

2.0.

il

(e) OV

Fig. 1. - Dimensionless spectra of energy in turbulent velocity field,

/e

Fig. 2. - Ratio of mean turbulent velocity fluctuations to those for no

magnetic field.

107,

H]

(a) OV

(b) Op.ov 0.5.
(¢) ougv = 2.0.
Fig. 3. - Dimensionless spectra of energy in turbulent magnetic field,

bb, /2.

10-7,

]

(a) OV

(b) OV 0.5.
(¢) ougv = 2.0.
Fig. 4. - Dimensionless interchange term for transfer of energy between

mechanical and megnetic modes.

Fig. 5. - Ratio of turbulent energy in magnetic mode to that in mechanical

mode.

Fig. 6. - Ratio of component of turbulent mechanical energy in direction

of mean magnetic field to average directional component.

Fig. 7. - Ratio of component of turbulent magnetic energy in direction of

mean magnetic field to average directional component.
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